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Abstract 

We consider a two-dimensional conformal field theory which contains two kinds of 
the bosonic degrees of freedom. Two linear dilaton fields enable us to study a more 
general case. Various properties of the model such as OPEs, central charge, conformal 
properties of the fields and associated algebras will be studied. 
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1 Introduction 

The simplest non-critical bosonic string background is the linear dilaton [1]. Various prop- 
erties of the string theory in the presence of this background have been studied, e.g. see Res. 
[1, 2, 3, 4]. Therefore, among the various conformal field theories (CFTs) the linear dilaton 
CFT has some interesting applications in the string theory. That is, this CFT appears as an 
ingredient in many string backgrounds, critical and non-critical. For example, it provides an 
explicit Lagrangian formulation of the Virasoro minimal models [5] and WZW models [5], 
and is an essential part of 2d string theory [6] . In addition, this CFT is a consistent way for 
reducing the spacetime dimension without compactification. Besides, this CFT significantly 
changes the behavior of the branes and classical solutions of them [7]. According to its im- 
portance we proceed to develop the linear dilaton CFT. Note that in this CFT, modification 
of the energy-momentum tensor was anticipated by a linear dilaton field {e.g. see Ref. [8]). 

In this paper we consider an action which is generalization of the bosonic part of the 
Af = 2 superstring theory. In addition, we introduce two linear dilaton fields to build 
our model. Thus, we study a conformally invariant field theory in two flat dimensions. 
Anticipating to the string theory, we refer to these two dimensions as the string worldsheet. 
Various OPEs of the model will be calculated. Due to the dilaton flelds, some of these 
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OPEs, and also conformal transformations of the worldsheet fields X^(o", r) and y^(cr, r) 
have deviations from the standard forms. Presence of some parameters in the central charge 
enables us to receive a desirable dimension for the spacetime. The algebra of the oscillators 
reveals that the oscillators of X-fields do not commute with that of F-fields. 

This paper is organized as follows. In section 2, we shall introduce the action of the model 
and the linear dilatonic energy-momentum tensor associated to it. In section 3, various OPEs 
of the model will be studied. In section 4, conformal transformations of the worldsheet fields 
will be obtained. In section 5, various quantities will be expressed in terms of the oscillators, 
and two algebras for the model will be obtained. Section 6 is devoted for the conclusions. 



2 The Model 

We begin with the action of the scalar fields X'^{z, z) and Y^{z,z) in two dimensions 

5 = ^ / d'z{d,X^d,X^ + ^d,Y^d,Y, + \{d,X^^d,Y, + d,X^d,Y,)), (1) 

where /U G {0,1,.. .,D — 1} and j3 and A are constants, i.e. independent of z and z. For 
the spacetime we consider the flat Minkowski metric = diag(— 1, 1, 1). The special 
case (3 — 1 and A = indicates the bosonic part of the M — 2 super-conformal field theory. 
Thus, we say the set {X^^} describes the spacetime coordinates. In other words, X^((7, r) 
is regarded as the embedding of the worldsheet in the spacetime. However, Y^{(t,t) enters 
essentially in the same way. So the set {F'*((T, r)} does not describe additional dimensions. 
The conformal invariance of this action, i.e. symmetry under the conformal transformations 
z ^ z'{z) and z ^ z'{z), leads to the zero conformal weights for the fields X^^ and Yi^. 
The equations of motion, extracted from the action (1), are 

d.d-.X^" + Xd.d.Yf" = 0, 

Xd,d,X^ + ^d,d,Y^ = 0. (2) 
We assume that the determinant of the coefficients of these equations to be nonzero i.e., 

= /? - A V 0. (3) 




Therefore, we obtain 



d,d,X^ = 0, 

d.d.Y'' = 0. (4) 
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These imply d^X^ and d^Y^^ are functions of and d^X^^ and dzY^^ are functions of z. 
The corresponding energy-momentum tensor has the components 
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(5) 

where : : denotes normal ordering. 

It is possible to construct a more general CFT with the same action (1), but with different 
energy-momentum tensor 

T{z) = A,,- : d^X^d^X^, : +VidlX^ , 

f{z) = A,,- : d,x^d,x,, : +\/;a?xf , 

Tz-z = T,z = 0, (6) 
where sum over i and j is assumed with i,j e {1,2}. We define 

X^ = X^' , X^ = Y>', 




(7) 

The vectors and are fixed in the spacetime. For each pair of these vectors we have a 
CFT. The extra terms in (6) are total derivatives. Thus, we shall see that they do not affect 
the status of T{z) and T{z) as generators of conformal transformations. The field $ = V^X^ 
in (6) is linear dilaton. In the same way — U/jY^ is a hnear field in the Y-space. In fact, 
by introducing the worldsheet fields {y((T, r)} and defining the energy-momentum tensor 
(6), we have generahzed the linear dilaton CFT. The case ^ — 1 and A = decomposes the 
model to two copies of the linear dilaton CFT. 



3 Operator Product Expansions (OPEs) 



3.1 The OPEs XX, XY and YY 



We use the path integral formahsm to derive operator equations. Since the path integral of 
a total derivative is zero, we have the equation 







DXDY 



5X^{z, z) 



e-^X''{w,w)... 
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/ DXDYe-^\( —^,^-JX^'(z, z) + AF^fz, z)\X^{w, w) + r]^'''5^^\z -w,z 
{(—Ad-JX^'(z, z) + XY^iz, zy^X'^iw, w) + rfb^^Xz -w,z-u 

VtTQ!' 



•)• (8) 

The point {w^w) might be coincident with {z^z\ but the insertion is arbitrary, which 
is away from [z^z) and [w^w). Arbitraryness of the insertion imphes 
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— -d^d^[X^{z, z) + \Y^{z, w) = -r]^''S^^\z -w,z-iD), 



as an operator equation. In the same way, the equation 

5 



I 



DXDY 



6X^{z,z) 



e-''Y''(w,iv)... 



= 0, 



gives the operator equation 

d,d,[X''{z, z) + XYf'iz, w) = 0. 

In the equation (10) change X^ to Y^, we obtain 

—d.d-JXX^'iz, z) + ^Y^'iz, z^XY'^iw, w) = -ri^''6^^\z -w,z-w). 

TTCt 

Similarly, in the first hne of (8) replacing by leads to 

d,d^[XX''{z,z) + /3Y^'{z,z)]X''{w,w) = 0. 
The equations (9), (11), (12) and (13) give the following equations 



(9) 



(10) 
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d^d,X^{z,z)X''{w,w) 
d,d,Y^{z,z)X''{w,w) 
d,d,X^{z,z)Y''{w,w) 
d,d,Y''iz,z)Y''iw,w)^ 



nXa' 



r]^''d^^\z-w,z-id), 



/5- A2 
nXa' 
/?- A2 
Tra' 



r]>"'S^^\z-w,z-w), 



z — w, z — w] 



-rj'"'5^^\z-w,z-w). 



(14) 



/?- A2 

That is, the equations of motion (4) hold except at the coincident point {z, z) — {w, w) 
Define the matrix Q^j as in the following 



a 



(5 -X 



2{p-X^)\-X 1 
Thus, the equations (14) can be written in the compact form 

d.d.Xl'iz, z)X^{w, w) = -2nQijr]f"'6^^\z -w,z-w). 
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(15) 



(16) 



According to this, we have the normal ordered equation 

: Xf z)X^{w, w) := X^{z, z)X^{w, w) + Q.jrj^^" ln\z - w\\ (17) 

where S^^^ln \z — w\'^ — 2Tr6^'^\z — w,z — w) has been used. The equation (16) and (17) 
indicate the equation of motion 

d,d,:Xt{z,z)X^{w,iv) :=0. (18) 



3.2 The TT OPE 

Let J-" be any functional of {X^^} and {^^}. Thus, the generalization of (17) is defined by 
HX,Y] = exp ( - 1(2., /d^..^.. In I., - : TIX,Y] : . (19) 

The OPE for any pair of the operators and Q is given by 

: P 6 := exp ( - Q« / dh.dh, to \z, - : : , (20) 

where the functional derivatives act only on the fields T or Q, respectively. For J-" = X-^{z, z) 
and Q = X^{w,w) this reduces to the equation (17), as expected. 
Using the equation (20), we obtain 

: d,X^{z)d,Xj^{z) :: d^Xl{w)d.^Xi,{w) := 

: d^X^{z)d^Xjf,{z)dy,Xj^{w)d^^Xi^{w) : +- — ^-^{QikQji + QuQjk) 

[z — w) 



: d,X^iz)d^Xi^{w) : +Qa : d,Xf{z)d^Xk^i 



w 



{z — wY 

+Qjk : d,Xj'iz)d„Xi^iw) : +Qji : d,Xt{z)d^Xki,{w) : ) . (21) 
Now the Taylor expansion of dzX-^{z) around z — w changes this equation to 

: d,X^{z)d,Xj^{z) :: du,X'i^{w)d^Xi^{w) : ~ - — ^—^{QikQji + QuQjk) 

\Z — W) 

^Qik ■ dyjX^{w)dwXiij_{w) : +Qii : dy,X'^{w)dy,Xk^{w) : 



{z — w)^ 

+Qjk ■■ d^X^{w)d^Xii,{w) : +Qji : dy,Xf{w)dy,Xk^{w) : 
1 



z — w 



Qik : diX';{w)d^Xi^{w) ■ -rQa : diX^^{w)dAA 



w 



+Qjk : dlXt{w)d^Xi^{w) : +Qji : dlXt{w)d^Xk^{w) : ) , (22) 



where the non-singular terms have been omitted. For calculating the TT OPE we also need 
the following OPEs 



: d,X'^{z)d,X,,{z) : dlX^,{w 



{z — wY 
2 

{z — wY 

1 



{Q,udlX^{w) + Q,udlX^{w)) 



z — w 



{Q,udt,X^{w) + Q^kd'^X^{w)), 



(23) 



dlX'^iz) : d^X'{{w)d^X^,{w) : 



{z — w)' 



:{Qkid^Xf{w) + Qfc,-a^Xf H), (24) 



dlX^{z)dlX^,{w) 
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{z - wY 

Adding all these together we obtain the TT OPE as in the following 

c 1 



(25) 



T{z)T{w) 



2KjV^ ( Q^k^iX^iw) + QjkdlX^{w) 



2{z-wY {z-wf 
+AijAki(^Qikdu,Xji^{w)dwXl'{w) + Qiidy,Xj^{w)dyjX'j^{w) 

+QjkdwXi^{w)dwXj^{w) + Qjidy,Xif^{w)dwX'^{w) 

[A.jAH(^Q,fc9^X,-^(«;)a^Xf («;) + Q,,^^X^^{w)d^Xl{w) 

+QjkdlX,^{w)d^Xt{w) + QjidlXi^{w)d^Xj:{w) 



+K,V;(Q,,dlX^{w) + QjkdlXl'iw: 



(26) 



The TT OPE also has a similar form in terms of z, w and c. 
The central charges are given by 



c = c = 2DAijAki{QikQji + QiiQjk) + ^'^QijV;v^ 



3 ' 



= 2D + 



6a' 



(27) 



Vanishing conformal anomaly relates the parameters of the model. That is, string actually 
can move in a wide range of the dimensions. However, by adjusting the variables /3, A, 
and U^, we can obtain desirable dimension for the spacetime. The case — — Q gives 
the central charges c = c = 2D, i.e., D for {X^"} and D for {F^}. If ^ = 1 and A = 0, the 
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action (1) reduces to two copies of the free string action, and hence the energy-momentum 
tensor (6) is modified to two copies of the energy-momentum tensor of the hnear dilaton 
CFT. In this case the central charge also reduces to two copies of the central charge of the 
hnear dilaton CFT 

C = Cx + Cy, 

cx = i^ + 6a%F^ 

Cy = D + ^a'U^U^. (28) 

Since there is AQ = -\l2x2, the TT OPE (26), and similarly the ff OPE take the 
standard forms 

2[z — w)^ [z — wy z — w 

f{z)f{w) - + —^^f{w) + -^d^f{w). (29) 

2[z — w)^ [z — wy z — w 

According to the central charge terms, T and T are not conformal tensors. Apart from these 
terms, (29) is the statement that T{z) and T{z) are conformal fields of the weights (2,0) and 
(0,2), respectively. 



3.3 The OPEs TX, TY, TX and TY 

The OPE TXj^ is 

T{z)X^{w, w) - ^ .^ VtQik - -^Kij[Qikdy,X>;{w) + Qjud^X^{w)]. (30) 

Thus, for /c = 1 and k = 2 we obtain 

T{z)X'\w, w) ~ TT^—x^.^^T^^^WV - XU^) + -^d^X^^{w), 

T{z)Y''{w,iv) ~ , ^ ^^^ i-XV^' + U^) + -^d^Y^^iw). (31) 

z — w 



In the same way we have 



{z-wy2{p- 


A2) 


1 a' 




{z-wy2{/3- 


A2)' 


1 a' 




{z-ivy2{p- 


P) 


1 a' 


1 



r(^)x'^(«;,w) ~ ■^^^wTw^^i^v'' - xw") + ^— a^x'^(tD), 

z — w 

r(,)y.(..^) . ^—^-^(-a;.-. + u") + j^a.^^^^). (32) 
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The [/-terms and V^-terms imply that and are not conformal tensor operators. 
Putting away these terms (the square singular terms) of the above OPEs leads to the con- 
ditions 

/3V^ - XU" = 0, 

-XV^ + ^0. (33) 

Since we assumed /? — 7^ 0, we obtain = = 0. Therefore, (31) and (32) reduce 
to the OPEs T'X, T'Y, f'X and f'Y . That is, with T' and f' the fields X^' and V are 
conformal tensors, as expected. However, we shall not consider the case (33). 



4 Conformal Transformations of and 

The infinitesimal conformal transformations z ^ z' — z -\- eg{z) and z ^ z' — z + eg{z)* 
imply the currents 

j{z) = ig{z)T{z), 

j{z)^ig{zrf{z). (34) 

For any holomorphic function g{z) these are conserved. These currents lead to the Ward 
identity 

5Xt{w,w) = -e(Res,^^^(z)r(z)Xf(«;,«;) + Res,^^^(z)*r(^)Xf («;,«;)), (35) 

where "Res" and "Res" are coefficients of {z — w)~^ and {z — w)"^, respectively. Prom the 
OPEs (31) and (32) and the Ward identity (35) we obtain the conformal transformations 

5X^'{w,w) = -e[g{w)dyjX^'{w) + giwydyjX^iw)] 



a e 



2(/3 - P) 



{pV^ - XU^)[d^g{w) + d^g{w)% (36) 



SYf'iw^w) = -e[g{w)d^Y''{w) + g{wydu,Y''{w)] 

.(-Ay'' + U^)[d^g{w) + d^giwn (37) 



a'e 



2{(3 - A2) 

Due to the inhomogeneous parts, originated from V^^, U^, (3 and A, the fields and Y^ do 
not transform as conformal tensor. These parts also indicate that these transformations are 
not infinitesimal coordinate transformations 5z — eg{z) and 6z = eg{z)*. 
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5 Mode Expansions 



Now wc express some quantities of the model in terms of the oscillators of and Y^. The 
OPEs (31) and (32) give 

T{z)d^X'^{w) ~ ^—^^—{pv^ - + -^—^d^X'^iw) + -^dlX'^iw), 
[z — wy p — y [z — wY Z — W 

f{z)d^X''{w) ~ 0, (38) 

[z — wy p — y [z — wy z — w 

f{z)d^Y>'{w) - 0. (39) 
Thus, the conformal weights of dzX'^{z) and dzY'^{z) are 

hex = 1 , hax = 0, 

hdY^l , har^O. (40) 
According to these conformal weights, we obtain the Laurent expansions 

V ^ m=-oo ^ 

fa' °° Oi'fs 

B.Xnz)^-.J^ E (41) 

V ^ m=-oo ^ 

Single- valuedness of and Y'^ implies that 

«&o = «&o = V V^f' (42) 



where is the linear momentum. Now integration of the expansions (41) gives the closed 
string solution 

xr(..) = .r-4K.„,p.,/f£i(^|..f.). (43, 

Reality of implies that ag^ = «W(-m) ^nd ag^ = ^'i){-m)- 
The expansions (41) also lead to 
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where C in the z-plane and C in the z-plane are counterclockwise. Therefore, by using the 
OPEs d,X^{z)d^X^^{w) and a^Xf (^)a^X]'(iD) we obtain 

2 

For A we observe that the oscillators of X'^ do not commute with the oscillators of Y^. 

In terms of the oscillators the nonzero elements of the energy-momentum tensor find the 
forms 

m=—oo n=— oo ' m=— oo 

m=— oo n=— oo V m=— oo 



The Virasoro operators are 



ic 27rz 

In terms of the oscillators they take the forms 



Lm = /- ^z^+'f{z). (47) 



a' 



n=— oo ' 

a' °° /c7 

n=— oo ' 

Using the standard methods one can show that the normal ordering constant for all L^n and 
Ljn is zero. According to the equations (45), or the standard form of the OPEs TT and TT, 
i.e. the equations (29), the Virasoro algebra also has the standard form 

[Lm, L„] = (m - n)L^+ri + ^(™^ ~ m)Sm-n, 

[Lm, Ln] = (m - n)Lm+n + ^2 ^"^'^ ~ m)dm-n, 

[Lm,K]^0. (49) 

The Hamiltonian of the system is given by 

H^Lo + Lo-^-^. (50) 
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Thus, the equations (27) and (48) express this Hamiltonian in terms of the oscillators and 
the parameters of the model 

H = ^(x'{pi.pi + 2Xpi.p2 + /3p2-P2 + ^iV.pi + 2iU.p2) 

OO 

n=l 

a' D 

{^V.V - 2XV.U + U.U) - —, (51) 



2(/3-A2)^^ ' 6 

where the symmetry of 77^,^ and were introduced. 
For the open string there are 

and hence the solution is 



Xt(z, -z) = - i„W In |.r + £ ^ (i- + i-j . (53) 

The corresponding energy-momentum tensor and Virasoro operators are given by the first 
equations of (46) and (48). Thus, the associated Virasoro algebra also is described by the 
first equation of (49). 

Note that we imposed the boundary conditions of the closed string and open string 
on y(a, r). However, y^(a, r) may be neither closed nor open. Assuming closeness or 
openness for y^((T, r), the worldsheet fields (X'^(cr, r) ,y^(cr, r)) find four configurations: 
(closed , closed), (open , open), (open , closed) and (closed , open). We considered the first 
and the second cases. The third and the fourth cases also can be investigated in the same 
way. 



6 Conclusions and Summary 

We studied a CFT model with two kinds of the bosonic degrees of freedom and Y^, 
which interact kinetically with each other. For each kind of these fields we introduced a 
linear dilaton field. 

Using the path integral formahsm, we obtained the OPEs XX, XY and YY. These 
OPEs enabled us to introduce a general definition for the OPEs. We observed that the TT 
and TT OPEs of the model have the standard forms. Due to the vectors and U^, which 
define the dilatons, the OPEs TX, TY, TX and TY have deviations from the standard 
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forms of them. The central charge of the model depends on the spacetime dimension, the 
parameters of the theory and the vectors and If^. A vanishing conformal anomaly and 
hence a desirable dimension for the spacetime can be achieved by tuning these variables. 

Putting away the interacting terms of the action, the model split into two copies of the 
linear dilaton CFT. The sphtting also occurs for the energy-momentum tensor and hence for 
the central charge. 

Using the conserved currents, associated to the conformal symmetry, the conformal trans- 
formations of the fields and Y'^ have been extracted. Therefore, the vectors and 
and also the parameters of the model indicate that and Y^^ are not conformal tensors. 
That is, these transformations are not pure coordinate transformations. 

According to the mode expansions of X'* and Y^, we obtained the oscillator- algebra of 
the model. Due to the nonzero couphng constant A the oscillators of X^ do not commute 
with the oscillators of Y^. We expressed the energy-momentum tensor and the Virasoro 
operators in terms of the oscillators. We observed that the Virasoro operators also form the 
standard algebra. 
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